By using the resolvent integration technique introduced by Larsen and Habetler, the one-speed, isotropic scattering, neutron transport equation is treated in the infinite and semi-infinite media. It is seen that the results previously obtained by Case's "singular eigenfunction" approach are in agreement with those obtained by resolvent integration.
I. INTRODUCTION
The linear transport equation with c = 1 was treated by Shure and Natelson, 1 who used the Case singular eigenfunction approach. 2 Larsen and Habetler3 later rederived Case's formulas using a contour integration technique which was not subject to some of the criticism which had been levelled at Case's approach through the years, mainly that the derivations were in fact only heuristic arguments. However, Larsen and Habetler were unable to treat the conservative case, C = 1, but claimed (Ref. 3, p. 536) that the results for that specific case could be obtained by taking the limit c -1 in their derivation for c"* 1. This contention has recently been attacked by Kaper, 4 and since Kaper's remarks seem to have merit, we present here the explicit analysis, along the lines developed in Ref. 3 , for the case c = 1. This case, incidentally, which corresponds to a critical half-space in neutron transport theory, has more physical significance in the context of radiative transport theory in stellar atmospheres, where it corresponds to a gray, conservative atmosphere in local thermodynamic equilbrium. (See Ref. 2, Sec. 10.5.) An alternative to the Larsen-Habetler analysis was independently developed by Hangelbroek, s who proved that for c < 1 the transport operator was similar to a self-adjoint operator, and so was able to apply von Neumann spectral theory. Lekkerkerker 6 has extended
Hangelbroek's work to the case c = 1 by defining a suitable subspace of the original Hilbert space, on which the transport operator is similar to a self -adjoint operator, obtaining a spectral theorem for the restriction of the transport operator to this subspace, and finally extending the results to the full space.
Our technique, following Larsen-Habetler, was inspired by Lekkerkerker. Specifically, the LarsenHabetler technique fails for c = 1 because the transport operator, K-1 in their notation, is not invertible. However, a suitable restriction of K-1 is invertible, and the entire Larsen-Habetler method of analysis can be carried out for this restriction. The extension of the results to the full space is then almost trivial. We feel that our analysis has some advantages over that of Ref. 6 , in that it is considerably shorter and simpler, and in addition, is not restricted to a Hilbert space. Furthermore, the Larsen-Habetler technique appears to have some real advantages over both the Case and Hangelbroek methods in the analysis of the multigroup transport equation,7,8 and it is pl~ned to use techniques similar to those reported here to attempt to extend the multigroup results, which are so far restricted to the subcritical medium (but see Ref. 9 ).
II. THE RESOLVENT OPERATOR AND THE FULL RANGE EXPANSION
As in Ref. 6 , we consider the one speed transport equation with isotropic scattering for a conservative medium, c=l, Le.,
(lb) 
In most of the remainder, explicit x-dependence will not appear, as the transport operator Kwould require substantial alteration of the technique. 12 The essence of the Larsen-Habetler technique is to invert K-1 to obtain K, calculate the resolvent (z1 -K)-r, and then integrate the resolvent along a contour surrounding the spectrum of K. Application of the Cauchy theorem yields the so-called Case completeness theorem. This technique fails in the present case because K-1 is not invertible on its range. In fact, A=O is an eigenvalue of K-1 with eigenvector eo defined by eo(l,) = 1, -1 < 11 < 1.
(2) Furthermore,
where
We shall see that eo and e 1 span the A= 0 root linear manifold of K- This may be written
• -1
If the equation is multiplied by u 2 and integrated over u from -1 to 1, one obtains
and the result follows. 
Then the identities
can be used to simplify the two integrals in the expression, yielding the stated result.
Note that this expression for the resolvent is identical to that obtained in Ref. 3 , and so a great deal of the analysis given there can be taken as verbatim.
The spectrum of K can be obtained immediately from the expression for the resolvent in Theorem 3: a(K)
2 for large z, Cl (sg(s)/ s -z) ds -1/ Z3 in the same limit, so the resolvent (z1 -K)-1 converges to zero at infinity, reflecting of course the boundedness of K. Thus, 
where ¢v is the usual Case "singular eigenfunction"
corresponding to c = 1; namely,
and -(v) converges to infinity at the endpoints ± 1. 
We wish to show that the linear transformation
F: I -;\.A defined by Eq. (6b) for Iof class H*, (F/!(v) = [;\.(v)/ N(v)] t uj(u)¢v(u) du,
-1
extends to an isomorphism F: Yp -Xp. Define F': <j J -I, the natural candidate for F-1 , by 
(F'<jJ)(U) = t [<jJ(v )/;\'(v )]¢v(u) dv
and the boundary values of the Cauchy integral of a class H* function are also of class H* .
In Ref. 11, the inequality t !1 1 ;\.(v)A(v)!Pdv""M p t !uj(u)!Pdu,
where Mp is a constant depending upon p, proves that ME 
Thus, to prove Ran(F) is dense in X P ' suppose A E H: and (13) Defining
expanding Eq. (13) as in Eq. (11), and using the Plemelj formulas with Eq. (14), yields
With the substitution
and Eq. (10), this becomes 
where a j are given by Eq. (9), A(v) is given by Eq. (6b), and ¢v is the Case singular eigenfunction defined in Eq . 
III. HALF RANGE EXPANSION
Let X~ be the Banach space of functions
The object for the half range theory is to find an operator E: X; -Xp with certain analyticity properties given below. Then the full range expansion of EI will correspond to the "half range expansion" of I (cf. Ref. 3, Sec. 4) . It will in fact be necessary to restr ict E to a subspace Y; eX; such that E! Y; will have its range in Yo' Then the expansion of (E! Y;)Iwill give the half range "continuum modes," while the discrete modes can be separately treated.
We require the operator E to have the properties:
The first proper guarantees that the expansion of Ef contains only eigenfunctions CPv with v> 0; the second and third guarantee that EfE Yp; while the third also insures that the discrete coefficient a 1 of Ef vanishes.
Before the subspace Y; may be specified explicitly, let us recall some properties of the dispersion function A. The Wiener-Hopf factorization of A(z) provides a function X(z), analytic for Rez < 0, such that
Moreover,
Now we may define Y~ C X; by
By analogy with transport in absorbing media, we are led to study the transformation E: X; -X P ' defined on fE X; of class H* by
Since X(u) is analytic and bounded away from zero for u < 0, we see from the Holder inequality that E extends to a bounded operator from X~ to Xp.
Property (iii) is verified by Theorem 5.
Theorem 5: For allfEX~, PI(E/J="0.
for f of class H*. Changing variable from u to -u in the second term above and utilizing equations (lSc) and (lSa), the identity
and the continuity of E, the result follows.
Next we shall see that property (ii) is satisfied.
Theorem 6: For allfEX;, The remaining property of E to be confirmed is given by the following theorem.
Proof: Analyticity is assured except for a possible branch cut [ -1,0] . However, using Theorem 3 and Eq. (19), and applying Eqs. (17) and (18), yields for u < 0, after some rearranging,
From this, the analyticity along [ -1, 0] can be concluded.
The expansion of a function fE X; is accomplished by applying the full range expansion of Sec. II to Ef. In particular, let p" represent the "projection" onto Yp For details, see the references cited.
IV. SOLUTION OF THE MI LNE PROBLEM
We seek the solution <PM(X,U), of the homogeneous transport equation in a half space subject to the conditions 
°
for allfE y~, that the third term does also. The coefficient a o has been determined by setting x=O, multiplying both sides of equation (24) by y(u), integrating over u, and using the boundary condition (23a), as well as Theorem 6 to conclude that the integral does not con-
